We derive the relativistic chiral transport equation for massless fermions and antifermions by performing a semiclassical Foldy-Wouthuysen diagonalization of the quantum Dirac Hamiltonian. The Berry connection naturally emerges in the diagonalization process to modify the classical equations of motion of a fermion in an electromagnetic field. We also see that the fermion and antifermion dispersion relations are corrected at first order in the Planck constant by the Berry curvature, as previously derived by Son and Yamamoto for the particular case of vanishing temperature. Our approach does not require knowledge of the state of the system, and thus it can also be applied at high temperature. We provide support for our result by an alternative computation using an effective field theory for fermions and antifermions: the on-shell effective field theory. In this formalism, the off-shell fermionic modes are integrated out to generate an effective Lagrangian for the quasi-on-shell fermions/antifermions. The dispersion relation at leading order exactly matches the result from the semiclassical diagonalization. From the transport equation, we explicitly show how the axial and gauge anomalies are not modified at finite temperature and density despite the incorporation of the new dispersion relation into the distribution function.
I. INTRODUCTION
Symmetries in classical physical systems are not always preserved when the laws of quantum mechanics are taken into account. One remarkable example of this fact is given by the quantum chiral anomaly, which explains the decay of the neutral pion into two photons [1, 2] . While the implications in particle physics of the chiral anomaly have been thoroughly studied, its macroscopic consequences have not been enough explored. Only recently has it been pointed out that the relativistic hydrodynamical equations, which are the expressions of the conservation laws of a system, would be affected by the chiral anomaly [3] . In particular, all these studies have triggered interest in studying macroscopical effects of the quantum chiral anomaly in heavy ion colliders (see the reviews in Refs. [4, 5] and references therein).
In a series of references [6] [7] [8] [9] it has been shown how the chiral anomaly equation could be derived from classical transport theory in systems with well-defined Fermi surfaces. These references have shown that if a Berry connection is included in the particle action of a relativistic fermion, and noncanonical Poisson brackets are taken into account, the associated classical transport approach reproduces the triangle anomaly present in quantum field theory. The present work is in part motivated by the fact that while Refs. [6] [7] [8] [9] seem to describe the same transport equation, they do not. The different proposals differ in the form of the fermionic dispersion law, and also in explicit terms that appear in the kinetic equation. Thus, they lead to a different dynamical evolution of the fermion distribution function. Only the authors of Ref. [8] made a derivation of some (but not all) the terms that appear in their proposed transport equation, starting with an effective field theory valid only for fermion modes close to a well-defined Fermi surface. The proof, thus, was only strictly valid at zero temperature T = 0, where antiparticles degrees of freedom are integrated out. In Ref. [10] , a consistency check of the proposal of Ref. [8] was made. It was then shown that if the same equation was used for particles and antiparticles at finite T some anomalous Feynman diagrams taken in the so-called hard thermal loop approximation could be reproduced [11] .
In this manuscript we present a derivation of the chiral transport equation of Son and Yamamoto. It is based on deriving quantum corrections to the classical equations of motion of a charged massless fermion in the background of an electromagnetic field. In order to do so, we start with the quantum Dirac Hamiltonian, and perform a Foldy-Wouthysen diagonalization [12] in powers of the Planck constant , following the methods and results of Ref. [13] , see also [14] . The rotated position and momentum operators can be obtained at the same order in as well, and their associated commutators turn out to be noncanonical. We then take the diagonalized Hamiltonian at order and treat it classically, together with the Poisson brackets (PB) that can be deduced from the quantum commutators of the theory. In this way we can reproduce the transport equation first proposed by Son and Yamamoto, both for particles and for antiparticles, and without any reference to the state of the system, and in particular to having a well-defined Fermi surface. We can understand the quantum origin of the noncanonical PB structure of the theory, and that the fermion and antifermion dispersion laws are affected by the Berry connection at the order of accuracy at which one is working.
A complementary proof can also be presented at a quantum field theory level. Using effective field theory techniques, it is also possible to disentangle the particle and antiparticle degrees of freedom associated with the Dirac field. We propose what we call on-shell effective field theory, which aims to describe the almost on-shell propagation of massless fermions and antifermions. Using these methods we check the fermion and antifermion dispersion laws obtained through the semiclassical diagonalization of the Dirac Hamiltonian. We then point out that by following the same methods and reasoning as Son and Yamamoto, one could in principle derive from our effective field theory their chiral transport equation without references to having a Fermi surface.
This paper is structured as follows. In Sec. II we review the process of diagonalization of the Dirac Hamiltonian at order O( ), and how the Berry connections modify the classical Hamiltonian, and change the commutators of the space and momentum operators for a massive fermion. In Sec. III we use the Hamiltonian obtained previously to derive semiclassical corrections in classical transport theory for massless fermions, and thus show how to derive the transport approach of Son and Yamamoto. In Sec. IV we derive an effective field theory valid to describe processes dominated by massless quasi-on-shell fermions, which we use to check the semiclassical corrections to the fermion and antifermion dispersion laws. We use natural units c = k B = = 1 in the manuscript, but keep explicitly in Secs. II and III to show all the corrections to the classical dynamics that have to be consistently kept. An appendix is devoted to showing the details of the derivation of the chiral anomaly equation for a relativistic plasma.
II. SEMICLASSICAL DIAGONALIZATION
We review in this section the semiclassical diagonalization of the quantum Dirac Hamiltonian to order O( ) performed in Ref. [13] . After checking the results of Ref. [13] we have detected some relevant typos in its final equations that are important for our present discussion, and we will point them out below.
Let us consider a relativistic fermion of mass m in an electromagnetic field. The Dirac Hamiltonian reads
where in the Dirac basis,
and σ k and I are the Pauli and unit 2 × 2 matrices, respectively. Here A µ = (A 0 , A) is the vector gauge field potential. For simplicity, we will assume that it does not depend on time. This Hamiltonian is explicitly nondiagonal in this basis due to the presence of the Dirac matrices α. The classical Hamiltonian, i.e. assuming that R commutes with P, can be diagonalized by performing a Foldy-Woythuysen transformation [12] with the help of the unitary matrix
is diagonal by blocks in Dirac space, with the upper-left block corresponding to particles and the bottom-right to antiparticles. When one considers the noncommuting character of the canonical variables -that is [R i , P j ] = i δ ij -it is still possible to perform a perturbative diagonalization in powers of 1/m. This diagonalization allows to reproduce the nonrelativistic Pauli Hamiltonian, as well as higher relativistic corrections [12] . Although not so widely known, it is also possible to perform a perturbative diagonalization in powers of the Planck constant [13, 14] . This last diagonalization is the only one possible for the massless fermions we will be considering in the next section of this manuscript. Here we will briefly describe how to achieve this separation between particle and antiparticle degrees of freedom at order O( ) [13] .
It is evident that at order O( 0 ), when the canonical variables commute, the matrix U diagonalizes the Dirac Hamiltonian. If we consider that the canonical variables do not commute, then it is necessary to choose a prescription for the operators where products of the canonical variables appear. One possible choice is to symmetrize all operators that depend on P and R. By symmetrization one means that each operator has to be written in a form where half of all the powers of P have been put on the left, and the other half on the right.
After the symmetrization process, the matrix U (P, R) does not remain unitary. Thus, one rather uses the matrix U (P, R) + XU (P, R), where X is the contribution that allows to preserve unitarity at order O( ). This matrix can be explicitly computed and reads [13] 
written in terms of the Berry connections
The reason why the above functions are called Berry connections comes from the fact that they give rise to the same Berry curvatures [15] that can be computed starting from the momentum eigenstates of the Dirac Hamiltonian. An explicit evaluation of these functions from the matrix U gives
where
is the spin matrix and
Note that this diagonalization is respectful of the gauge symmetry. While the Berry connection A Ri only depends on P − eA(R), operating as a covariant derivative when acting on the fermion wave function, the connection A Pi explicitly breaks gauge invariance, as it depends on ∇ R i A k . However, it is easy to prove that X, and thus U + XU , has the gauge covariant properties one requires to preserve the gauge symmetry.
After the unitary transformation, the new Hamiltonian still includes nondiagonal terms of order O( ). However, as proven in Ref. [13] , the true diagonalized Hamiltonian coincides with the projection on the diagonal of the transformed Hamiltonian at this stage. After a straightforward but tedious computation, one arrives to an almost diagonal Hamiltonian, which when projected on the diagonal gives
where P is the projection over the diagonal operator and
Working out the commutators and projecting into the diagonal we find
where an intrinsic angular momentum, which takes into account spin-orbit effects, has been introduced as
wherep = p − eA(r) is the kinetic momentum. Equation (13) is the same Hamiltonian that appears in Ref. [13] , although we note a typo in their Eq. (49). It also coincides with the result of Ref. [14] .
We have already written the Hamiltonian in the new basis in terms of the rotated position and momentum operators, which at order O( ) read
It is possible to check that the new Hamiltonian preserves gauge invariance at order O( ), as the new kinetic momentump = p − eA(r) can be checked to preserve the gauge symmetry if one expands A(r) at that order.
Not surprisingly, the commutation relations of the new variables turn out to be noncanonical. Their basic commutators can be derived from Eqs. (15, 16) as
The explicit evaluation of the above commutators gives
Here G ij can be interpreted as a field strength tensor in momentum space 1 .
1 It is interesting to note here that while the Berry connection
The remaining commutators are better expressed in terms of the kinetic momentum as
These relations coincide with those presented in Ref. [14] . With the basic commutators one could derive the associated equations of motion. We will only write them in the next section for massless fermions.
III. SEMICLASSICAL KINETIC THEORY FOR MASSLESS FERMIONS
The Hamiltonian derived in Eq. (13) can be used to derive semiclassical corrections -that is, corrections of order O( ) to the classical dynamics. In particular, it can be used to derive the first corrections to the well-known Vlasov transport equations. We will prove in this section that when we use the semiclassical Hamiltonian together with the associated noncanonical variables in the massless case we reproduce the chiral kinetic theory of Ref. [8] . We should stress here that for massive fermions the same method and reasoning could be used to obtain their corresponding transport equations, although such a case will be treated elsewhere (see for instance the recent results of Ref. [18] , but where the fermion dispersion relation was taken at O(h 0 )). Several drastic simplifications occur in the dynamics in the massless case. We first note that when m = 0 the Hamiltonian Eq. (13) can be expressed as
where we have defined the Berry curvature
and the helicity operator,
which can take values ±1. Note that we have renamed in this section the kinetic momentump as p to simplify the notation. Note also that for m = 0, the field in Eq. (19) is now written as G = λΩ.
From the above Hamiltonian, we can immediately read the dispersion relations. Assuming A 0 = 0, the dispersion relation for the particle reads
for massless fermions transforms under U (1) × U (1) rotations, in the massive case the Berry connections are non-Abelian, and transforming under the SU (2) group [16] (see also the coincident results in Ref. [17] , where the Berry curvature vector defined there corresponds to our − 2 G).
while for the antiparticle
In the semiclassical diagonalization we carried out, in an expansion, one assumes that quantum corrections to the classical physics should be small. Thus, the validity of our results requires that e B · p/p 3 ≪ 1, as otherwise one should keep more corrections in the diagonalization procedure.
The dispersion relations (25, 26) have been used in previous works -see Refs. [8, 10, 19] -although only the particle dispersion relation has been derived for fermions close to the Fermi surface at temperature T = 0 using effective field theory methods [8] . Here we see that the dispersion relations used in these references can naturally be derived after performing the semiclassical diagonalization of the massless quantum Dirac Hamiltonian.
If we want to compute corrections to the classical equations of motion of a fermion in an electromagnetic field, we need the Poisson brackets (PB) of the associated position and momentum variables. These can be deduced from the quantum commutators, through the standard rule
In the massless case, and from the quantum commutators obtained in the previous section one finds
where we have only kept the leading corrections in the coordinate PB, and have neglected other quantum corrections in front of the classical values otherwise. With the Hamiltonian in Eq. (22) and the PBs above one obtains the classical equations of motion for a righthanded fermion (λ = 1)
Substituting one equation into the other, one then gets
where we have defined
Similar equations could be found for left-handed particles, or for antiparticles of any helicity.
Note that these equations are essentially the same as those first written in Ref. [7] (see also Ref. [9] ), except for the fact that in these references the fermion dispersion relation was taken as ǫ p = p. Here we see that this approximation is not correct if one wants to consistently take into account all the corrections to the classical dynamics. Furthermore, we have checked in Ref. [10] that the anomalous hard thermal loop diagrams that appear in a quantum field theory computation can only be reproduced if the corrections to the fermion and antifermion dispersion laws are taken into account.
It is now possible to compute semiclassical corrections to the transport equation. Using Liouville's theorem, one can evaluate the dynamical evolution of the one-particle distribution function f p , and find the kinetic equation
which can be expressed for λ = 1 as
This equation agrees exactly with the chiral kinetic equation first proposed by Son and Yamamoto in Ref [8] . It also agrees with the transport equation of a Bloch electron in a solid previously derived in Ref. [20] . Note that in the → 0 limit, it reduces to the standard kinetic equation of a charged particle in the presence of an electromagnetic field. Given the noncanonical character of the r, p variables, the invariant measure of the phase-space integration has to be modified [21] . It is given by [20] . Then the particle density associated to right-handed fermions reads
while the associated current can be expressed as [8] 
After integrating the kinetic equation over the (invariant) momentum measure one then obtains
Written in this form, one sees the clear quantum origin of the nonconservation of the current, because if the quantum corrections to the classical equations of motion were neglected, the current would be conserved. From Eq. (40) one can deduce the same quantum chiral anomaly equation of quantum field theory for an equilibrium relativistic plasma if we take into account the different contributions of particles and antiparticles of different helicities that are present in the plasma. In Ref. [10] (see also the footnote of Ref. [7] ) we have computed this integral for the equilibrium one-particle distribution function to reproduce the equation of the chiral anomaly, and check that it does not receive thermal corrections. However, there the fermion dispersion relation was taken at order O( 0 ), which is not completely consistent, as corrections also affect the fermion dispersion law. It is still possible to show that the chiral anomaly equation is not affected if the correction to the fermion dispersion law is taken into account. In order to do so, we proceed as in Ref. [10] , and define a sphere of radius ∆ centered at p = 0 to evaluate Eq. (40). The nonzero divergence of the current can then be interpreted as arising from the flux of fermions that cross the surface S 2 (∆) defined by that sphere. Then taking the ∆ → 0 limit
In thermal equilibrium, the distribution functions for right-and left-handed fermions and antifermions read
The computation of the chiral anomaly equation can be exactly done with the new dispersion relation. Details are given in App. A. The divergence of the axial current j
which agrees exactly with the same result if we would have ignored the quantum corrections to the fermion dispersion law, see Ref. [10] . The same calculation reveals that these corrections do not affect the gauge anomaly, that is, that the electromagnetic (or any vectorial) current is conserved.
IV. ON-SHELL EFFECTIVE FIELD THEORY
The semiclassical diagonalization performed in Sec. II should have a counterpart in a quantum field theoretical framework. In fact, it is possible to disentangle the particle and antiparticle degrees of freedom using effective field theory (EFT) techniques. In this section we introduce an EFT for almost on-shell massless fermions and antifermions, which is basically obtained by integrating out all the off-shell modes. Therefore, we call it on-shell effective field theory (OSEFT). It is aimed to be used for the description of processes dominated by on-shell fermions in an ultrarelativistic plasma. In this work we will restrict ourselves to show that with this EFT one can have an independent check of the particle and antiparticle dispersion relations written in Eqs. (25, 26) , leaving further developments for a future work [22] . We will also see that the methods of Ref. [8] could also be used to derive the chiral transport equation without any reference to a well-defined Fermi surface. We are inspired by many other EFTs, in particular, by the large energy effective theory (LEET), as formulated in Ref. [23] , and by the high density effective theory (HDET) of Refs. [24, 25] , which is, however, only valid at finite density and T = 0. In order to simplify notation we will again work in natural units = 1.
Let us consider a relativistic electromagnetic plasma close to thermal equilibrium, at temperature T , and composed by massless fermions. The propagation of an onshell fermion is in principle described by its energy E = p and the four lightlike four-velocity v µ = (1, v) , where v is three-dimensional unit vector, in such a way that p µ = pv µ . The four-momentum of a fermion which is nearly on-shell can be written as
where k µ is the residual momentum, i.e. the part of the momentum which makes q µ off shell. Requiring that q 2 be small is equivalent to demanding that v · k ≪ p and k 2 ≪ q 2 . These constraints basically impose that the component of the three-momentum orthogonal to v is k ⊥ ≪ p.
A similar decomposition of the momentum for almost on-shell antifermions can be done as follows
whereṽ µ = (1, −v). We define the particle/antiparticle projectors
where in the Dirac representation α i is given by Eq. (2).
With the usual projector relations
we can write the Dirac field as
where we have factored out the dependence on p, so the particle/antiparticle fields appearing in the right-hand side of Eq. (49) only depend on the residual momentum.
If we want to describe only fermions and antifermions with arbitrary velocity directions, the corresponding Lagrangian can then be written as a sum over different velocities,
with
Further, using that
where we have defined / D ⊥ = γ µ ⊥ D µ , and we have kept only the terms of the Lagrangian which respect energymomentum conservation.
It is now possible to integrate out the H fields, by using their classical equations of motion. Using
one can solve for H
and for H 2 +v 
where fermion and antifermion degrees of freedom are totally decoupled. The dispersion laws can be derived by taking into account that
we can then write the dispersion relation for the fermions as
where λ is the value of the helicity. Please note that a similar dispersion law was found for fermions close to the Fermi surface in Ref. [8] using the HDET, where in that case p = µ. In Ref. [8] the HDET has been used to derive the chiral kinetic theory valid close to the Fermi surface. The fact that the effective field theory we have just derived keeps the same structure as that of HDET, both for fermions and for antifermions, suggests that the same methods and results of Ref. [8] could be used to derive Eq. (37) from a quantum field theoretical framework. To this aim, one defines a Wigner transform of the two-point function, which depends only on the residual momentum. After performing a derivative expansion the equation obeyed by the Wigner transform (identified with the classical distribution function) agrees with Eq. (37) when computed to order O(1/µ 2 ). While in Ref. [8] the proof required the existence of a Fermi surface, here we note that it could be extended to more general situations if one uses the OSEFT.
It would be very interesting to check that the OSEFT is able to reproduce the results of different physical quantities which are dominated by on-shell charged fermions in an electromagnetic relativistic plasma. We leave a further deeper study of this EFT for future work [22] .
V. SUMMARY
We have presented a derivation of the Son and Yamamoto chiral transport approach. The proof is based on performing a diagonalization of the quantum Dirac Hamiltonian to order O( ) and deducing from it the leading quantum corrections to the classical equations of motion and then, to the associated transport theory. In this process, the Berry connection appears modifying the particle's action and also the canonical PB structure of the theory. While several authors realized that a diagonalization procedure can explain the origin of the Berry connection in the particle's action, they forgot that the same diagonalization procedure leads to a modification of the particle's dispersion law. This is a situation that also occurs in many condensed matter systems, see e.g. Refs. [26] [27] [28] , where a completely analogous correction, proportional to the magnetic field, emerges. We would like to recall once more that the modified dispersion re-lation (25, 26) is required, not only for the consistency of the semiclassical approach to O( ), but also to correctly reproduce the anomalous hard thermal loop action at finite temperature and density [8, 10] .
We have also developed an effective theory approach for the relevant fermionic degrees of freedom of a plasma that are almost on shell. The OSEFT provides a powerful scheme to study the dynamics of fermions and antifermions on equal footing. Using the OSEFT we have computed the fermion dispersion relation in a much simpler way than the semiclassical diagonalization of the Dirac's Hamiltonian, allowing for a systematic expansion to obtain next-to-leading-order corrections. Thermal and finite density effects could be studied with it using the standard machinery of thermal quantum field theory. Here, we have only pointed out that it can also be used to derive the chiral transport equation, following the same line of reasoning presented in Ref. [8] .
We have also settled the basis for a more general derivation of quantum corrections for massive fermions, where the Berry curvature also depends on the mass m. The study of the massive case has already started in Ref. [18] , although in that reference the quantum correction to the dispersion relation (13) was obviated. In the massive case, an analogous semiclassical transport equation could be derived, after defining a classical spin vector, together with its classical equations of motion [14] .
NOTE ADDED: After the completion of this manuscript the reference [29] appeared, where a modified dispersion relation is obtained for chiral fermions from the path integral, thus correcting the previous diagonalization in [7] . The dispersion relation is identical as the one derived here for the particular case of m = 0. 
with the reflection property I ∆ (α, β, −γ) = I ∆ (α, β, γ).
The limit ∆ → 0 can now be performed:
I ∆ (±α, β, ±γ) = 1 .
We are now ready to combine all fermion species to form the divergence of the axial current:
where the notation represents the contribution of righthanded fermions, left-handed antifermions, left-handed fermions and right-handed antifermions, in that order.
